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Abstract: In light of recent developments in nearly AdS2 holography, we revisit the semi-
classical version of two-dimensional dilaton gravity proposed by Callan, Giddings, Harvey,
and Strominger (CGHS) [1] in the early 90’s. In distinction to the classical model, the
quantum-corrected CGHS model has an AdS2 vacuum with a constant dilaton. By turning
on a non-normalizable mode of the Liouville field, i.e. the conformal mode of the 2d gravity,
the explicit breaking of the scale invariance renders the AdS2 vacuum nearly AdS2. As a
consequence, there emerges an effective one-dimensional Schwarzian-type theory of pseudo
Nambu-Goldstone mode — the boundary graviton — on the boundary of the nearly AdS2
space. We go beyond the linear order perturbation in non-normalizable fluctuations of
the Liouville field and work up to the second order. As a main result of our analysis,
we clarify the role of the boundary graviton in the holographic framework and show the
Virasoro/Schwarzian correspondence, namely that the 2d bulk Virasoro constraints are
equivalent to the graviton equation of motion of the 1d boundary theory, at least, on the
SL(2, R) invariant vacuum.
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1 Introduction
The AdS2 space makes a universal appearance in the near-horizon limit of extremal black
holes. The AdS/CFT correspondence [2–4] can be successfully applied to the counting of
degeneracy of microstates for extremal black holes [5, 6]. However, from the viewpoint of
holography, since there cannot be finite energy excitations in asymptotically AdS2 spaces
due to large long-distance backreactions [7], there is no dynamics in AdS2/CFT1 and what
we can learn from it is only degeneracy of ground states. From the viewpoint of black hole
physics, it is important to go beyond extremality in order to study black hole evaporations
and the information paradox.
To address these issues, nearly AdS2 (NAdS2) holography was pioneered by Almheiri
and Polchinski [8]: the conformal invariance of AdS2 was broken by an introduction of an
explicit energy scale and the holographic study of nearly AdS2 geometry was initiated for
a class of 2d dilaton gravity models
SdilG =
∫
d2x
√−g [ΦR+ U(Φ)(∇Φ)2 − 2V (Φ)] (1.1)
in which backreactions due to the symmetry breaking scale are under control and can be
studied analytically. The functions U and V of the dilaton Φ specify the models of one’s
interest. The Jackiw-Teitelboim (JT) model [9, 10], which has been most studied in recent
developments, is given by the choice U = 0 and V (Φ) = Φ, whereas the (classical) CGHS
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model [1], whose semi-classical version is of our interest, corresponds to U(Φ) = 1/Φ and
V (Φ) = −2λ2Φ. As an indication of physics of near-extremal black holes, the JT model,
for example, captures the first order correction κ−1T to the entropy of near extremal black
holes, S(T ) = S0 + κ
−1T +O(T 2), where S0 is the entropy of extremal black holes and κ
is the energy scale of symmetry breaking [8, 11, 12].
More recent developments have been boosted by the connection between the NAdS2
gravity and the SYK model [11–20].1 The latter is an exactly solvable quantum many-body
system with an emergent near conformal invariance [28, 29]. Both are related to black hole
physics in higher dimensions. In fact, the SYK model saturates the quantum chaos bound
which is believed to be a smoking gun for the existence of gravity duals [30]. Moreover, the
boundary effective theory of the NAdS2 gravity has turned out to be a Schwarzian theory
which also emerges in the soft sector of the SYK model.
In light of these developments in nearly AdS2 holography, in this paper, we revisit a
quantum-corrected version of the CGHS model [1] as an alternative to the JT model. The
classical CGHS model receives a quantum correction due to conformal anomaly described
by the well-known non-local Polyakov action [31]. For a large number N of massless scalars,
the CGHS model, including the anomaly correction, can be studied semi-classically. For
our convenience at the risk of being a misnomer, we refer to it as the quantum CGHS
(qCGHS) model. It has been known that the qCGHS model has an exact AdS2 vacuum
with a constant dilaton [32]. This offers us an opportunity to study the NAdS2 gravity in
the qCGHS model.
In the JT model, the scale of symmetry breaking was introduced by the dilaton defor-
mation which grows near the boundary of the AdS2 space and renders the AdS2 vacuum
nearly AdS2 [8, 11, 12]. In the qCGHS model, in contrast, the dilaton is a constant and the
scale is instead introduced by turning on a non-normalizable mode of the Liouville field,
i.e. the conformal mode of the 2d gravity, in much the same way as in the Liouville theory
studied in this context in [33]. As a consequence, there emerges a Schwarzian theory on
the boundary as in the case of the JT model and the Liouville theory. The Schwarzian
theory is an effective theory of pseudo Nambu-Goldstone boson — the boundary graviton
— associated with the spontaneous breaking of the reparametrization symmetry down to
the SL(2, R) subgroup in which the explicit symmetry breaking scale renders the effective
action finite in a similar way to the QCD chiral Lagrangian with the pion decay constant.
Owing to the solvability of the Liouville equation, we are able to study the non-
normalizable mode beyond the linear order. We can, in principle, go to arbitrary higher
orders, but we content ourselves with working up to the second order in detail. As a
main result of our analysis, we clarify the role of the boundary graviton in the holographic
framework, which is a degree of freedom somewhat atypical in the standard holography.
As we will show, the graviton equation of motion of the 1d boundary theory is equivalent
to the 2d bulk Virasoro constraints, at least, on the SL(2, R) invariant vacuum.
This paper is organized as follows: in section 2 we will give a brief review on the
qCGHS model and its exact AdS2 vacuum as well as more general solutions on which our
1Among many other interesting papers, partial references include [21–27]. We apologize for our ignorance
about any other important works.
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discussions that follow are based. We will then begin to study nearly AdS2 holography
in the qCGHS model in section 3. We will first discuss the non-normalizable mode of the
Liouville field which renders the AdS2 vacuum nearly AdS2. We will then construct the
fully-backreacted NAdS2 geometry and use it to find the 1d boundary effective action up to
the second order in the non-normalizable Liouville fluctuation. In section 4, by using the
boundary action derived in section 3, we will show the (conditional) equivalence between
the 2d bulk Virasoro constraints and the graviton equation of motion of the 1d boundary
theory. Many of the computational details will be relegated to appendices A and B. Finally,
we will discuss our results and conclude with directions for the future work in section 5.
2 The quantum CGHS model
The CGHS model [1] is a model of 2d dilaton gravity which arises as the effective two-
dimensional theory of extremal dilatonic black holes in four and higher dimensions [34–39]
and is defined by the action
SCGHS =
1
2π
∫
d2x
√−g
[
e−2φ(R+ 4(∇φ)2 + 4λ2)− 1
2
N∑
i=1
(∇fi)2
]
, (2.1)
where g, φ and fi are the metric, dilaton and massless matter fields, respectively, and λ
2
is a cosmological constant. The matter fields fi originate from Ramond-Ramond fields in
type II superstring theories.
This model has been extensively studied in the early 90’s as a model of evaporating
black holes. Remarkably, the model is classically solvable and has a simple eternal black
hole solution in an asymptotically flat and linear dilaton spacetime. Moreover, it can
describe a formation and the subsequent evaporation of the black hole, and it was hoped
that significant insights into information paradox might be gained by studying this model
and its variants. See, for example, for the review [40, 41].
Quantum mechanically, the classical action (2.1) is corrected by conformal anomaly
described by the well-known non-local Polyakov action [31]
SP = −N − 24
96π
∫
d2x
∫
d2y
√
−g(x)
√
−g(y)R(x) 1

R(y) (2.2)
where N − 24 = (N + 2) − 26: N is due to the massless matter fields, 2 from the dilaton
and the conformal mode of the 2d metric, and −26 from the diffeomorphism bc ghosts.2
Thus the quantum-corrected CGHS model is defined by the action
SqCGHS = SCGHS + SP . (2.3)
To be precise, this is a semi-classical version of the CGHS model. Nevertheless, for our
convenience, we shall refer to it as quantum CGHS model (qCGHS) in the rest of the
paper.
2We will eventually focus on the large N limit in which we can ignore −24.
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In the conformal gauge
ds2 = −e2ρdx+dx− where x± = x0 ± x1 , (2.4)
the non-local Polyakov action becomes local and is given by the Liouville action, and the
qCGHS action takes the form
SqCGHS =
∫
d2x
π
[
e−2φ
(
2∂+∂−ρ− 4∂+φ∂−φ+ λ2e2ρ
)− N
12
∂+ρ∂−ρ+
1
2
N∑
i=1
∂+fi∂−fi
]
.
(2.5)
Here and hereafter we consider the large N limit in which N − 24 can be replaced by N .
The equations of motion for the Liouville field ρ, dilaton φ and matter fields fi are given,
respectively, by
0 = T+− = e
−2φ(2∂+∂−φ− 4∂+φ∂−φ− λ2e2ρ)− N
12
∂+∂−ρ , (2.6)
0 = −4∂+∂−φ+ 4∂+φ∂−φ+ 2∂+∂−ρ+ λ2e2ρ , (2.7)
0 = ∂+∂−fi . (2.8)
In addition, this system is subjected to the Virasoro constraints, i.e. the equations of motion
for g±±:
0 = T±± = e
−2φ(4∂±φ∂±ρ− 2∂2±φ) +
1
2
N∑
i=1
∂±fi∂±fi − N
12
(∂±ρ∂±ρ− ∂2±ρ+ t±) . (2.9)
The last quantities t± reflect the non-locality of the Polyakov action and are determined
by the choice of the vacuum.3
The quantum CGHS model is no longer solvable and there is no simple analytic black
hole solution even though there is a modified solvable variant of the qCGHS model known
as the RST model proposed in [40, 44] and extensively studied thereafter. For the purpose
of holography, however, we are interested in asymptotically AdS2 spacetimes. Indeed, there
exists an AdS2 vacuum with a constant dilaton in the quatum CGHS model [32]:
ρ = ln
[ √
2
λ(x+ − x−)
]
, e2φ =
24
N
, and t± = 0 , (2.10)
where x± = t± z are the lightcone coordinates in the Poincare´ patch of AdS2.
Moreover, there exist a more general class of solutions obtained by the reparametriza-
tions x+ 7→ A(x+) and x− 7→ B(x−) [45]:
ρ =
1
2
ln
2A′(x+)B′(x−)
λ2(A(x+)−B(x−))2 , e
2φ =
24
N
, (2.11)
t+ =
1
2
{A(x+), x+} , t− = 1
2
{B(x−), x−} , (2.12)
3An elegant and convenient way to see it explicitly is to introduce an auxiliary field ϕ obeying ϕ = R in
terms of which the non-local Polyakov action can be rewritten as SP =
N
96pi
∫
d2x
√−g(−ϕϕ+2ϕR) [42, 43].
In the conformal gauge (2.4) the equation of motion yields ϕ = −2ρ+ 2ϕ+(x+) + 2ϕ−(x−) with arbitrary
(anti-)holomorphic functions ϕ±(x
±). The energy-moment tensor in this reformulation is given by the last
Liouville part of (2.9) with t± = ∂
2
±ϕ± − (∂±ϕ±)2.
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where we introduced the Schwarzian derivative defined by
{f(ζ), ζ} := f
′(ζ)f ′′′(ζ)− 32f ′′(ζ)2
f ′(ζ)2
. (2.13)
Note that the choice of t± corresponds to ϕ+(x
+) = 12 lnA
′(x+) and ϕ−(x
−) = 12 lnB
′(x−)
in footnote 2.
3 Nearly AdS2 holography in qCGHS model
The AdS2 space appears universally in the near horizon limit of extremal black holes as a 2-
dimensional component of higher dimensional spacetimes. In contrast to higher dimensional
counterparts, however, the AdS2 boundary conditions are not consistent with finite energy
excitations due to large long-distance backreactions [7]. From the black hole viewpoint,
a mass gap is developed in the near horizon region and the AdS2/CFT1 correspondence
can only describe the ground state degeneracy. In order to have nontrivial dynamics, one
must therefore introduce a new scale and enforces a deviation from the pure AdS2 space
which does not die off near the boundaries. This necessitates turning on a non-normalizable
mode dual to an irrelevant operator in conformal mechanics. From the extremal black hole
perspective, this deformation effectively undoes the near horizon decoupling and enables
excursions into the region of spacetime corresponding to UV of the dual field theory.
To realize this scenario, we first cut off the AdS2 space near its boundary at a small
finite z. More precisely, we consider the spacetime (2.11) with A = B. The resulting
spacetime is a reparametrization of the Poincare´ AdS2 by
(t, z) 7→ (t˜, z˜) ≡
(
1
2
(B(t+ z) +B(t− z)), 1
2
(B(t+ z)−B(t− z))
)
(3.1)
which near the boundary becomes
(t˜, z˜) =
(
B(t), B′(t)z
)
+O(z2) , (3.2)
where the map t 7→ B(t) is the time reparametrization on the cutoff boundary. It is,
however, important to note that B(t) is not a mere time reparametrization but physical:
a different reparametrization function B(t) results in a different t± in (2.9) and (2.12). In
other words, a change to B(t) results in a change to the vacuum or the boundary condition.
This then implies that physical observables such as correlation functions do depend on B(t).
Note, however, that there is a subset of B(t) for which t± = 0:
B(t) =
at+ b
ct+ d
with ad− bc = 1 . (3.3)
This is a Mo¨bius transformation of t. It can be interpreted as meaning that the
reparametrization symmetry is spontaneously broken to SL(2, R) and B(t) is the Nambu-
Goldstone boson associated with the broken symmetry.
In the meantime, the conformal factor of the metric (2.11) has the boundary expansion
2λ2e2ρ =
1
z2
+
1
6
{B(t), t}+O(z2) . (3.4)
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The finite part in the expansion reminds us of the Brown-Henneaux asymptotics of the
AdS3 space [46] and it may thus provide another perspective: B(t) can be thought of as
the boundary graviton living in the cutoff surface at a small z [11].
3.1 Non-normalizable mode and symmetry breaking scale
In the case of Jackiw-Teitelboim (JT) gravity [9, 10], the new scale φr to deform the AdS2
vacuum is introduced through the dilaton which grows as φ ∼ φr/z near the boundary [11].
In contrast, as we will see, in the case of the qCGHS model, the dilaton plays only a minor
role and the new scale, which renders the AdS2 vacuum nearly AdS2, is provided by a non-
normalizable mode of the Liouville field ρ. This is very much similar to the mechanism
advocated in [33]. (A related idea was discussed in an earlier literature [47].)
Whether it is the dilaton φ ≡ φ0 + φ˜ or the Liouville field ρ ≡ ρ0 + ρ˜, since what
is essential for the nearly AdS2 geometry is the non-normalizable mode, we first analyze
the fluctuations φ˜ and ρ˜ of the dilaton and Liouville fields in the qCGHS model. For this
purpose, we work in the conformal gauge (2.4) and then the quadratic fluctuation action
for the dilaton-Liouville system is given by
S
(2)
φ+ρ =
N
12π
∫
M
dx+dx−
[
−∂+φ˜∂−φ˜− λ2e2ρ0 φ˜2 − ∂+(ρ˜− φ˜)∂−(ρ˜− φ˜) + λ2e2ρ0(ρ˜− φ˜)2
]
,
(3.5)
where as in (2.11) the background Liouville and dilaton fields are
ρ0 =
1
2
ln
2B′(x+)B′(x−)
λ2(B(x+)−B(x−))2 , e
2φ0 =
24
N
. (3.6)
The fluctuation fields are thus classified into the “tachyonic” dilaton φ˜ and the massive field
ρ˜− φ˜ besides N massless matter fields fi.4 It needs to be mentioned that the dilaton fluctu-
ation violates the Breitenlohner-Freedman bound [48, 49]. Noting, however, that it behaves
as φ˜ ∼ √z cos(√7/2 log z) for all real and imaginary frequencies near the boundary z = 0
of the Poincare´ AdS2, the linear instability can be alleviated by imposing the Neumann
boundary condition ∂zφ(t, z) = 0 at the boundary that freezes the dilaton fluctuation.
Having frozen the dilaton fluctuation by the Neumann boundary condition, we now
focus on the massive Liouville fluctuation ρ˜.5 To illustrate the essential point, we first
consider the Poincare´ AdS2 corresponding to B(x
±) = t ± z. The equation of motion for
the Liouville fluctuation is then [
−∂2t + ∂2z −
2
z2
]
ρ˜ = 0 . (3.7)
Near the boundary the solution to this equation goes as ρ˜ ∼ α/z + βz2, which indicates
that the Liouville fluctuation ρ˜ is dual to an irrelevant operator of conformal dimensions
4In the previous version of our paper, we missed the mass term for the dilaton φ˜ and stated wrongly
that it is massless.
5The massless matter fields fi are dual to marginal operators of conformal dimension ∆ = 1, whereas,
as we will see, the massive field ρ˜− φ˜ is dual to an irrelevant operator of dimension ∆ = 2.
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∆ = 2. To be more precise, the non-normalizable mode is given by [4]
ρ˜(t, z) = −
∫
∞
−∞
dt0
2z2jρ(t0)
(z2 − (t− t0)2)2
, (3.8)
where a particular normalization was chosen for the consistency with the analysis that fol-
lows. We would like to emphasize that the source jρ is an analogue of φr in JT gravity and
the advertised new length scale which renders the AdS2 vacuum nearly AdS2. We thus an-
ticipate that the finite action for the pseudo Nambu-Goldstone boson B(t) is schematically
of the form [11, 33]
SpNG ∼
∫
dtjρ(t){B(t), t}+ · · · (3.9)
where the source jρ is the explicit symmetry breaking scale and an analogue of the pion
decay constant. We will make it more precise in section 3.4.
For a generic B, the fluctuation equation (3.7) is generalized to[
∂+∂− +
2B′(x+)B′(x−)
(B(x+)−B(x−))2
]
ρ˜ = 0 (3.10)
and the non-normalizable mode is
ρ˜(x+, x−) = −1
2
∫
∞
−∞
dB(t0)
(
1
B(x+)−B(t0) −
1
B(x−)−B(t0)
)2
j˜ρ(B(t0)) . (3.11)
Note that under the reparametrization t 7→ B(t), since the source jρ transforms according
to jρ(t)dt
−∆+1 = j˜ρ(B(t))(B
′(t)dt)−∆+1, the transformed source is related to the one in
the Poincare´ AdS2 by j˜ρ(B(t)) = jρ(t)B
′(t).
Similarly, by solving (2.8), it is straightforward to find the non-normalizable matter
fields
fi(x
+, x−) =
∫
∞
−∞
dB(t0)
(
1
B(x+)−B(t0) −
1
B(x−)−B(t0)
)
j˜fi(B(t0)) , (3.12)
where the transformed source j˜fi(B(t)) is related to the one in the Poincare´ AdS2 by
j˜fi(B(t)) = jfi(t). Note that as mentioned above, the sources for massless fields do not
introduce a scale since it is dual to marginal operators.
3.2 Nearly AdS2 geometry in qCGHS model
In the previous section we deformed the AdS2 vacuum to the linear order in the non-
normalizable Liouville fluctuations. In fact, owing to the solvability of the Liouville equa-
tion, one can go beyond perturbation and resum the nearly AdS2 deformation to all orders.
To see it, recall the equations of motion (2.6) and (2.7). For a constant dilaton, the two
equations reduce to a single equation
0 = 2∂+∂−ρ+ λ
2e2ρ . (3.13)
– 7 –
J
H
E
P01(2020)178
The general solution is the Liouville field ρ in (2.11). The Liouville fluctuation equa-
tion (3.10) is an expansion of this equation to the linear order:
0 =
[
2∂+∂−ρ0 + λ
2e2ρ0
]
+ 2
[
∂+∂− + λ
2e2ρ0
]
ρ˜+O(ρ˜2) . (3.14)
The non-normalizable mode (3.11) thus resums to
e2(ρ0+ρ˜) =
2∂+(B(x
+) + b+(x
+))∂−(B(x
−) + b−(x
−))
λ2 [(B(x+) + b+(x+))− (B(x−) + b−(x−))]2
(3.15)
with the deformation
b±(x
±) = b(x±) ≡
∫
∞
−∞
dt0
j˜ρ(B(t0))
B(x±)−B(t0) (3.16)
which can be inferred from the expansion of the resummed expression. This gives the fully-
backreacted nearly AdS2 geometry described by the metric ds
2
NAdS2
= −e2(ρ0+ρ˜)dx+dx−.
In order to gain better ideas of this geometry, we consider the nearly Poincare´ AdS2
corresponding to B(x±) = t ± z. After performing a Wick-rotation, t → iτ and jρ(t) →
−i jρ(τ), the deformation near the boundary takes a simple form
b(x±) =
∫
∞
−∞
dτ0
jρ(τ0)
i(τ − τ0)± z
z→0−→ ±πjρ(τ)− i
∫
∞
−∞
dτ0P
[
1
τ − τ0
]
jρ(τ0) . (3.17)
This amounts to the coordinate transformation
τ 7→ τ −
∫
∞
−∞
dτ0P
[
1
τ − τ0
]
jρ(τ0) , z 7→ z + πjρ(τ) . (3.18)
Rather than viewing this as a mere coordinate transformation, we may interpret it as
meaning that the non-normalizable deformation cuts out the near-boundary region below
the symmetry breaking scale z⋆ = πjρ(τ) even though the space is locally AdS2.
It should be noted that we have not imposed the Virasoro constraints (2.9). As we
will see in section 4, the Virasoro constraints impose a restriction on the functional form
of the source jρ(t).
3.3 Second order perturbation
Our next goal is to construct the 1d boundary effective theory of the pseudo Nambu-
Goldstone boson B(t) as alluded in (3.9). We are going beyond the linear order in jρ as
typically done in the literature and work out to the second order in order to perform a
nontrivial check of nearly AdS2 holography in the qCGHS model in section 4.
The resummation (3.15) of the non-normalizable mode allows us to systematically
extract the Liouville fluctuations higher orders in jρ. For the clarity of the argument, we
expand the Liouville fluctuation ρ˜ as
ρ˜ = ρ1 + ρ2 + · · · (3.19)
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where the numbers in the subscript denote the order in the source jρ. In this notation, the
first order non-normalizable mode (3.11) is renamed to
ρ1 =
1
2
[
b′(x+)
B′(x+)
+
b′(x−)
B′(x−)
− 2(b(x+)− b(x−))
B(x+)−B(x−)
]
, (3.20)
where the r.h.s. of (3.11) was rewritten in terms of the deformation (3.16). By expand-
ing (3.15) for a small deformation, one can similarly find the second order Liouville fluctu-
ation
ρ2 = −1
4
[
b′(x+)
2
B′(x+)2
+
b′(x−)
2
B′(x−)2
− 2
(
b(x+)− b(x−)
B(x+)−B(x−)
)2]
. (3.21)
For our purposes, we are interested in the expressions for ρ1 and ρ2 near the boundary
at a small z. Our strategy is to first find the expressions in the Poincare´ AdS2 with
B(x±) = t±z and then covariantize the results so obtained to reinstate the dependence on
B(t). We perform an appropriate Wick-rotation, t → iτ and jρ(t) → −i jρ(τ), and work in
the Euclidean space. The details of the computation are shown in appendix A.
In the Poincare´ coordinates, the first order fluctuation is calculated as
ρ1 = −π
[
jρ(τ)
z
+
1
2
zj′′ρ (τ)
]
+O(z2) . (3.22)
As discussed in section 3.1, the divergent term is essential for the appearance of the finite
Schwarzian action (3.9). In the meantime, since we work through to the second order in
jρ, we would also need the bilinear quantities of ρ1:
ρ21 = 2πz
∫
∞
−∞
dτ0
jρ(τ)jρ(τ0)
(τ − τ0)4 +O(z
2) and ρ1∂zρ1 = π
∫
∞
−∞
dτ0
jρ(τ)jρ(τ0)
(τ − τ0)4 +O(z).
(3.23)
To covariantize these expressions, we make the replacements
z → zB′(τ) , τ → B(τ) , and jρ(τ) → j˜ρ(B(τ)) = jρ(τ)B′(τ) . (3.24)
We thus obtain to the relevant order in z
ρ1 = −πjρ(τ)
z
, ρ1∂zρ1 = π
∫
∞
−∞
dB(τ0)
B′(τ)2B′(τ0)jρ(τ)jρ(τ0)
(B(τ)−B(τ0))4 , (3.25)
and
ρ21
z
= 2π
∫
∞
−∞
dB(τ0)
B′(τ)2B′(τ0)jρ(τ)jρ(τ0)
(B(τ)−B(τ0))4 . (3.26)
These three quantities form a part of the building blocks for the construction of the 1d
boundary Schwarzian-type theory.
Turning to the second order fluctuation ρ2, it is similarly calculated as
ρ2 =
π
2z
∫
∞
−∞
dτ0
jρ(τ)jρ(τ0)
(τ − τ0)2 +O(z). (3.27)
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The covariant form of the second order fluctuation to the relevant order in z is then found
to be
ρ2 =
π
2z
∫
∞
−∞
dB(τ0)
B′(τ0)jρ(τ)jρ(τ0)
(B(τ)−B(τ0))2 . (3.28)
Apart from N matter fields fi, together with the above three quantities made of ρ1, this
forms a complete set of the building blocks for the boundary action we discuss in the next
section.
3.4 The boundary Schwarzian-type action
We are now in a position to discuss the 1d boundary effective theory of the pseudo Nambu-
Goldstone boson B(t). We find it most convenient to work in the locally AdS2 gauge
adopted in [33], i.e. factorizing the metric into the background and fluctuation parts:
ds2 = −e2ρ˜ [e2ρ0dx+dx−] ≡ e2ρ˜gˆmndxmdxn . (3.29)
In this gauge the Liouville ρ˜-dependent part of the non-local Polyakov action becomes6
SP =
N
24π
∫
M
d2x
√
−gˆ
[
gˆmn∂mρ˜∂nρ˜+ Rˆρ˜
]
− N
12π
∫
∂M
dt
√
−γˆKˆρ˜
=
N
48π
∫
M
d2x
[−4∂+ρ˜∂−ρ˜− 2e2ρ0 ρ˜]+ N
12π
∫
∂M
dtρ˜∂zρ0 , (3.30)
where we used Rˆ = −2 and Kˆ = −e−ρ0∂zρ0. The last term is a Gibbons-Hawking-York
term [50, 51] for the Liouville theory. Now, recall the Liouville equation of motion (3.13).
Its fluctuation part is given by
0 = 2∂+∂−ρ˜+ e
2ρ0
(
ρ˜+ ρ˜2 + · · · ) . (3.31)
From this equation, we can infer to the second order that
ρ˜∂+∂−ρ˜ = −1
2
e2ρ0 ρ˜2 +O(ρ˜3) , e2ρ0 ρ˜ = −2∂+∂−ρ˜+ 2ρ˜∂+∂−ρ˜+O(ρ˜3) . (3.32)
With the latter on-shell equation and by integration by parts, the Polyakov action simplifies
and is only left with the boundary contribution
SP =
N
24π
∫
∂M
dt
[
ρ˜∂zρ˜− ∂zρ˜+ 2ρ˜∂zρ0
]
. (3.33)
Meanwhile, the classical CGHS action, the first three terms of (2.5) in parenthesis, vanishes
on-shell and there is only a boundary contribution from the Gibbons-Hawking-York term
of the dilaton gravity:
SCGHS + SGHY = − 1
π
∫
∂M
dt
√−γe−2φK = N
24π
∫
∂M
dt∂z(ρ0 + ρ˜) , (3.34)
6We set 2λ2 = 1 for simplicity.
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where γ = −eρ and K = −e−ρ∂zρ and the metric without a hat is the full metric includ-
ing both the background and fluctuations. It is worth noting that this is a contribution
genuinely from the qCGHS model. Without this contribution, our analysis, apart from
the second order corrections, would virtually have no difference from that of the Liouville
theory [33]. Even though the dilaton has been playing only a minor role and this boundary
contribution might look rather insignificant, as we will see, it makes important difference
in the working precision of nearly AdS2 holography.
At this point we are finding that
SqCGHS + SGHY =
N
24π
∫
∂M
dt
[
ρ1∂zρ1 + ∂zρ0 + 2(ρ1 + ρ2)∂zρ0
]
+O(ρ˜3) , (3.35)
where the background ρ0-dependent term is
∂zρ0 = −1
z
+ z
2{B(t), t}
3
Wick-rotation−−−−−−−−→ −1
z
− z 2{B(τ), τ}
3
. (3.36)
There are 1/z2 and 1/z divergences in the boundary action we have obtained so far since
ρ1 and ρ2 are singular as 1/z as discussed in the previous sections. The 1/z
2 divergences
can be removed by adding the boundary cosmological constant as a counter-term following
the holographic renormalization procedure [52]:
Sct =
N
12π
∫
∂M
dt
√−γ = N
12π
∫
∂M
dteρ0
(
1 + ρ1 + ρ2 +
1
2
ρ21 + · · ·
)
, (3.37)
where the background boundary cosmological constant is
eρ0 =
1
z
+ z
{B(t), t}
3
Wick-rotation−−−−−−−−→ 1
z
− z {B(τ), τ}
3
. (3.38)
However, there still remains a 1/z divergence in ∂zρ0+2e
ρ0 . As it turns out, this is cancelled
by the background part of the non-local Polyakov action which we have omitted so far:
S¯P = − N
96π
[∫
M
d2x
√
−gˆRˆ 1
̂
Rˆ− 2
∫
∂M
dt
√
−γˆKˆ 1
̂
Rˆ
]
= − N
24π
[∫
M
dtdze2ρ0ρ0 −
∫
∂M
dt(∂zρ0)ρ0
]
= − N
24π
∫
∂M
dt
1
z
+O(z) . (3.39)
We now put all the pieces together to obtain the finite boundary action
SpNG =
N
24π
∫
∂M
dt
[
ρ1∂zρ1 + e
ρ0ρ21 + 2(ρ1 + ρ2) (∂zρ0 + e
ρ0)
]
+O(ρ˜3) . (3.40)
Note that the second term is a finite contribution that comes from the counter-term Sct
and corresponds to a double trace deformation considered in [53].
Using the expressions (3.25), (3.26) and (3.28) for the fluctuations together with the
background values (3.36) and (3.38), after the Wick-rotation, the second order boundary
action for the pseudo Nambu-Goldstone boson becomes
SpNG =
N
24
(
2SjρSch + 3Sj2ρ − Sj2ρSch
)
(3.41)
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where we defined
SjρSch =
∫
∞
−∞
dτjρ(τ){B(τ), τ} , (3.42)
Sj2ρ =
∫
∞
−∞
dτ
∫
∞
−∞
dτ0
B′(τ)2B′(τ0)
2jρ(τ)jρ(τ0)
(B(τ)−B(τ0))4 , (3.43)
Sj2ρSch =
∫
∞
−∞
dτ
∫
∞
−∞
dτ0
B′(τ0)
2jρ(τ)jρ(τ0)
(B(τ)−B(τ0))2
{B(τ), τ} . (3.44)
The first action SjρSch is the Schwarzian action found in [11, 12, 33] as expected. The
second action Sj2ρ comes from the quadratic terms in ρ1 and, in the standard holography,
corresponds to the two-point function of a dimension ∆ = 2 operator. Meanwhile, the third
action Sj2ρSch is the one from the second order fluctuation ρ2 and is a reflection of the fact
that the ∆ = 2 Schwarzian operator, dual to the Liouville fluctuation ρ˜, is a quasi-primary
rather than primary.
To be complete, we shall add the massless matter action. By integration by parts and
using the equation of motion (2.8), the matter action becomes
Sf =
1
4π
N∑
i=1
∫
∞
−∞
dτfi∂zfi . (3.45)
Thus the boundary action for the non-normalizable mode (3.12) is found to be
Sf =
1
2
N∑
i=1
∫
∞
−∞
dτ
∫
∞
−∞
dτ0
B′(τ)B′(τ0)jfi(τ)jfi(τ0)
(B(τ)−B(τ0))2 , (3.46)
where the details of the computation are shown in appendix A. This is of the form of the
two-point function of dimension ∆ = 1 operators as expected.
As a final note in this section, in the case of nearly AdS2 holography [8, 11, 12],
it is rather remarkable that the 1d boundary theory is directly “derived” from the 2d
bulk gravity in the sense that the boundary effective action (3.41) plus (3.46) is expected
to be a collective field description of a 1d quantum mechanical theory such as the SYK
model [28, 29].
4 The Virasoro/Schwarzian correspondence
In the standard holography, the 1d boundary effective action
S
(1d)
eff [B, j] ≡ SpNG + Sf (4.1)
is interpreted as the generating functional of correlation functions of the operators dual
to the sources jρ and jfi [3, 4]. However, this is not the end of the story for nearly AdS2
holography: as remarked in the end of section 3.2, we have not imposed the Virasoro
constraints (2.9) to this point. This, in particular, means that the sources jρ(τ) and jfi(τ)
are not arbitrary functions of τ but constrained by the Virasoro constraints.
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From the viewpoint of the boundary action as the generating functional of correlation
functions, the boundary graviton B(τ) is “the new kid on the block”. We would like
to clarify what role exactly it plays in the holographic framework. As may have been
anticipated, the answer is simple and we shall show that the B(τ) equation of motion of
the 1d boundary theory is equivalent to the 2d bulk Virasoro constraints, at least, on the
SL(2, R) invariant vacuum:
δS
(1d)
eff [B, j]
δB
= 0 ⇐⇒ T (2d)±±
∣∣∣
z→0
= 0 . (4.2)
Since the Virasoro constraints are the equations of motion for g±± and the boundary
graviton B(τ) is a remnant of 2d metric degrees of freedom, it is not a surprise that this
correspondence holds.
We first present the B(τ) equation of motion of the 1d boundary effective action (4.1).
The computational details are shown in appendix B. There are three parts in the pseudo
Nambu-Goldstone boson action (3.41) and the variations of each part are given by
δSjρSch
δB
= −B′∂3B j˜ρ ,
δSj2ρ
δB
= −2πi
3
B′
(
j˜ρ∂
4
B j˜ρ + 2∂B j˜ρ∂
3
B j˜ρ
)
, (4.3)
δSj2ρSch
δB
= −2πiB′
[
4∂B j˜ρ∂
3
B j˜ρ + 3
(
∂2B j˜ρ
)2
+ j˜ρ∂
4
B j˜ρ
+ ∂2B
(
j˜2ρ
{B(τ), τ}
B′2
)
− 2j˜ρ∂2B j˜ρ
{B(τ), τ}
B′2
]
, (4.4)
where j˜ρ(B(τ)) = jρ(τ)B
′(τ) as appeared before. In the meantime, the variation of the
matter action reads
δSj2
f
δB
= 2πiB′ (∂Bjf )
2 . (4.5)
These then yield the equation of motion
0 =
δS
(1d)
eff [B, j]
δB
= B′
[
N
24
{
−2∂3B j˜ρ + 2πi
(
2∂B j˜ρ∂
3
B j˜ρ + 3
(
∂2B j˜ρ
)2)}− 2πi N∑
i=1
(∂Bjfi)
2
+ 2πi
N
24
{
∂2B
(
j˜2ρ
{B(τ), τ}
B′2
)
− 2j˜ρ∂2B j˜ρ
{B(τ), τ}
B′2
}]
. (4.6)
This is the l.h.s. of (4.2) and to be compared with the Virasoro constraints (2.9). Note
that to the linear order the equation of motion is ∂3B j˜ρ = 0 whose solution is
jρ(τ) =
α+ βB(τ) + γB(τ)2
B′(τ)
(4.7)
with constants α, β and γ in agreement with the dilaton φr in the JT model [11] and the
non-normalizable mode in Liouville theory [33].
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We now turn to the Virasoro constraints (2.9). We are only concerned with the fluc-
tuation part of the Virasoro constraints with a constant dilaton. As shown in appendix B,
the second-order Virasoro constraints at the boundary z → 0 take the form
0 = T±± = −πiB′2
[
N
24
{
−2∂3B j˜ρ + 2πi
(
2∂3B j˜ρ∂B j˜ρ + 3(∂
2
B j˜ρ)
2
)}
− 2πi
N∑
i=1
(∂Bjfi)
2
]
.
(4.8)
This is the r.h.s. of (4.2). Since we turned on the non-normalizable modes in the left-right
symmetric way, the left and right energy-momentum tensors are identical at the boundary.
We are now in a position to compare the B(τ) equation of motion (4.6) and the Vira-
soro constraints (4.8). The two are identical except for the second line of (4.6) which are the
terms involving the Schwarzian derivatives. Since the Schwarzian derivative {B(τ), τ} = 0
on the SL(2, R) invariant vacuum, we see that as advertized, the Virasoro/Schwarzian
correspondence (4.2) holds on this vacuum for which B(τ) = τ modulo Mo¨bius transfor-
mations (3.3).7 This is the most conservative interpretation we offer.
However, we would like to discuss a little more speculative interpretation. It was our
expectation and is our sentiment that ultimately, the Schwarzian-dependent terms in the
second line of (4.6) would disappear and the Virasoro/Schwarzian correspondence (4.2)
works on all vacua or for all boundary conditions, i.e. for a generic B(τ). If these terms
were a discrepancy to be resolved, we suspect that they are related to t± in (2.9). As
remarked in footnote 2, they can be expressed as t± = ∂
2
±ϕ± − (∂±ϕ±)2 in terms of the
auxiliary field ϕ. They have the nonvanishing background values t± =
1
2{B(x±), x±} with
ϕ± =
1
2 lnB
′(x±) which vanish on the SL(2, R) invariant vacuum. In our analysis we have
been agnostic about potential effects of the auxiliary field ϕ± on the boundary action.
However, it might be that there is a missed effect and when it is properly taken into
account, it cancels the Schwarzian-dependent terms in (4.6).
5 Discussion
From the viewpoint of holography, it is rather remarkable to see that there is a straightfor-
ward connection between the bulk Einstein equations (for g±±) and the boundary equation
of motion, which we dubbed the Virasoro/Schwarzian correspondence. The key to this
correspondence is the presence of the dynamical boundary graviton B(t). In the standard
holography, the boundary graviton does not make a regular appearance except for the AdS3
case [46] and the AdS/CFT realization of Randall-Sundrum II [54] as suggested by Gub-
ser [55]. Even in these examples, to our knowledge, the direct bulk-boundary connection
of the type (4.2) has not been realized or formulated. A potential generalization to the
AdS3 case can be explored by studying the corresponding 2d effective action analogous to
the 1d Schwarzian action [56]. It is, however, worth mentioning that there are attempts
to derive the bulk Einstein equations from other perspectives such as the entanglement of
boundary CFTs [57–60].
7The relation between Schwarzian theory and Virasoro group was also discussed in [17]. We will comment
on that in section 5.
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As remarked in [17],8 the Schwarzian theory can be considered as the path integral
over the symplectic manifold — the coadjoint orbit diff(S1)/ SL(2, R). The dynamical
boundary graviton B(t) in Schwarzian theory is related to the coadjoint group opera-
tion which generates the orbit. That said, as remarked in section 4, we could only show
that the Virasoro/Schwarzian correspondence is so far exact on the SL(2, R)-invariant
vacuum. Up to the SL(2, R) equivalence class, the vacuum corresponds to exactly the
“first exceptional” coadjoint orbit. This may not be entirely satisfactory. However,
as we discussed, it could be that the mismatched Schwarzian terms in the second line
of (4.6) disappear upon the inclusion of a subtle effect from the background auxiliary
field ϕ± and the Virasoro/Schwarzian correspondence holds true on all vacua. We hope
to reach a clear understanding of this point in the near future. A somewhat related
note is that the two point function of the Schwarzian derivative obtained from the ac-
tion (3.41) is structurally almost in the form of the OPE of the 2d energy-momentum
tensor, T (z)T (w) ∼ c/2/(z − w)4 + 2T (w)/(z − w)2 + ∂T (w)/(z − w), except that the
last term is missing. The absence of this last term might be related to the mismatched
Schwarzian terms.
In this paper, we have focused on the gravity side of nearly AdS2 holography. Needless
to say, it is very important to gain some understanding of the dual quantum mechanics.
An obvious candidate is the SYK model [28, 29] or its variant [18, 61]. Even though we
do not have much to offer on this point, it may be worth commenting on the following
observation. The Schwarzian sector of the SYK model with N Majorana fermions takes
the form, S = Nα(q)
J
∫
dt{B(t), t} with the dimension one coupling J and a constant α(q)
which depends on the order q of the interaction. The inverse coupling 1/J corresponds
to the symmetry breaking scale jρ [14, 33] and one may identify N with the number of
massless scalars in the qCGHS model. Then the second order actions (3.43) and (3.44)
would correspond to the 1/J2 correction to the Schwarzian action. However, they do not
seem to agree with the 1/J2 correction in the SYK model [15, 62, 63], indicating that the
dual quantum mechanics may not simply be the SYK model.
Even though we have not discussed in this paper, the qCGHS model has a larger class of
exact solutions with matter. For example, there are exact multi shock wave solutions [64].
These include an AdS2 counterpart of the shock wave limit of traversable wormholes studied
in [65]. In order to describe these shock waves, we need to generalize the non-normalizable
modes (3.16) to the left-right asymmetric sources. In particular, it would be interesting
to see if and how the boundary action for a traversable wormhole realizes the GJW con-
struction of traversable wormholes via a double-trace deformation [66, 67]. In contrast to
the prior work [68], this would be an example of non-eternal traversable wormholes. Other
works about how matter fields interact with AdS2 background are studied in JT model
by [19, 20]. It’s interesting to revisit the problem of studying the interaction between
gravity and matter in the qCGHS model in the future, such as calculating the OTOC and
other correlation functions in the bulk gravity.
Finally, it is important to understand if and how the qCGHS model can be embedded
in higher dimensional black holes. As mentioned earlier, the classical CGHS model arises
8We thank the anonymous referee for this comment.
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as the effective two-dimensional theory of extremal dilatonic black holes in four and higher
dimensions [34–39]. It is not immediately clear whether the two-dimensional conformal
anomaly has an interpretation in the higher dimensional parent theory. The current tech-
nology of black hole microstate counting is limited to supersymmetric extremal black holes.
(See [69] for a recent review.) It is an open question to account for non-extremal black
hole entropy from dual field theory. If the qCGHS model can be embedded in higher di-
mensional black holes, one can hope to gain a better understanding of non-extremal black
holes along the line of recent developments [21, 23].
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A Non-normalizable modes near boundary
In this appendix we show the details of the computation for the results in sections 3.3
and 3.4. There are a few subtleties in the computation and we will clarify them along
the way.
Liouville fluctuations. In the Poincare´ coordinates, the first order Liouville fluctua-
tion (3.20) takes the form
ρ1 = −
∫
∞
−∞
dτ0
2z2jρ(τ0)
((τ − τ0) + iz)2 ((τ − τ0)− iz)2
= −
∫
∞
−∞
du
2z2jρ(τ + u)
(u+ iz)2 (u− iz)2 , (A.1)
where we performed a Wick-rotation, t → iτ and jρ(t) → −i jρ(τ). We now use a contour
integral to evaluate the u-integral. In order to ensure the convergence of the integral, we
adopt the prescription to add a damping factor eiǫ(τ+u) to the source jρ(τ + u) and send
ǫ → 0+ in the very end of the calculation. This selects the preferred contour C = R ∪H+
to be the real axis R plus a semi-circle H+ going around in the UHP. With this prescription
assumed, we find that
ρ1 = −π
[
1
z
jρ(τ + iz)− ij′ρ(τ + iz)
]
= −π
[
jρ(τ)
z
+
1
2
zj′′ρ (τ)
]
+O(z2) . (A.2)
– 16 –
J
H
E
P01(2020)178
It then follows that
ρ21 =
πjρ(τ)
z
∫
∞
−∞
dτ0
2z2jρ(τ0)
((τ − τ0)2 + z2)2
+O(z2) = 2πz
∫
∞
−∞
dτ0
jρ(τ)jρ(τ0)
(τ − τ0)4 +O(z
2) .
(A.3)
Turning to the next order, the second order Liouville fluctuation (3.21) consists of three
terms
ρ2 = ρ
I
2+ + ρ
I
2− + ρ
II (A.4)
where in the Poincare´ coordinates
ρI2± = −
1
4
(∫
∞
−∞
dτ0
jρ(τ0)
((τ − τ0)± iz)2
)2
and ρII2 =
1
2
(∫
∞
−∞
dτ0
jρ(τ0)
(τ − τ0)2 + z2
)2
.
(A.5)
With the above prescription of the damping factor for the source jρ(τ0), we perform one
τ0-integral for each term by using the contour integral along C as was done for the first
order fluctuation ρ1. These integrals result in
ρI2+ = −
πi
2
j′ρ(τ + iz)
∫
∞
−∞
dτ0
jρ(τ0)
((τ − τ0) + iz)2
, ρI2− = 0 , (A.6)
and
ρII2 =
π
2z
jρ(τ + iz)
∫
∞
−∞
dτ0
jρ(τ0)
(τ − τ0)2 + z2 . (A.7)
For a small z we then find that
ρ2 =
π
2
∫
∞
−∞
dτ0
[
1
z
jρ(τ)jρ(τ0)
(τ − τ0)2 + z
(
∂2
∂τ2
(
1
2
jρ(τ)jρ(τ0)
(τ − τ0)2
)
− 4jρ(τ)jρ(τ0)
(τ − τ0)4
)]
+O(z2).
(A.8)
Massless matter. In the Poincare´ coordinates, the massless matter non-normalizable
mode (3.12) takes the form
fi =
∫
∞
−∞
dτ0
2zjfi(τ0)
(τ − τ0)2 + z2 , (A.9)
where we performed a Wick-rotation t → iτ and jfi(t) → −i jfi(τ). As in the case of
the Liouville fluctuations, we adopt the prescription to add a damping factor eiǫτ0 to the
sources jfi(τ0) and use the contour integral along C to calculate fi. We then find
fi = 2πjfi(τ + iz) . (A.10)
It then follows that
f2i = 4πz
∫
∞
−∞
dτ0
jfi(τ)jfi(τ0)
(τ − τ0)2 +O(z) . (A.11)
Taking the derivative with respect to z, the covariantization of the expression yields the
matter action in (3.46).
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B Variations of boundary action and Virasoro constraints
Here we show the computational details of the B(τ) equation of motion of the boundary
theory and the Virasoro constraints to the second order in the Liouville fluctuation as
discussed in section 4.
The B(τ ) equation of motion. The variation of the Schwarzian action (3.42) with
respect to B(τ) is given by
δBSjρSch = δB
∫
dτjρ(τ)
B′′′(τ)B′(τ)− 32B′′(τ)2
B′(τ)2
= −
∫
dB(τ)δB(τ)
∂3 (jρ(τ)B
′(τ))
∂B(τ)3
= −
∫
dB(τ)δB(τ)∂3B j˜ρ . (B.1)
The variation of the first quadratic part (3.43) is calculated as
δBSj2ρ = δB
∫
dτ
∫
dτ0
B′(τ)2B′(τ0)
2jρ(τ)jρ(τ0)
(B(τ)−B(τ0))4
= 8
∫
dB(τ)δB(τ)
(
jρ(τ)B
′(τ)
) ∫
dB(τ0)
jρ(τ0)B
′(τ0)
(B(τ)−B(τ0))5
− 4
∫
dB(τ)δB(τ)
∂ (jρ(τ)B
′(τ))
∂B(τ)
∫
dB(τ0)
jρ(τ0)B
′(τ0)
(B(τ)−B(τ0))4
=
∫
dB(τ)δB(τ)
[
2πi
3
(−j˜ρ∂4B j˜ρ − 2∂B j˜ρ∂3B j˜ρ)] , (B.2)
where we used integration by parts and adopted the prescription for the B(τ0)-integral∫
∞
−∞
dB(τ0)
j˜ρ(B(τ0))
(B(τ)−B(τ0))n = (−1)
n 2πi
(n− 1)!∂
n−1
B j˜ρ (B(τ)) . (B.3)
For the variation of the second quadratic part (3.44), the computation is tedious but it can
be calculated as
δBSj2
ρ
Sch =
∫
dτ
∫
dτ0
jρ(τ)jρ(τ0)B
′(τ0)
(B(τ)−B(t0))3B′(τ)3
×
[
B′(τ)
(
3B′′(τ)2−2B′′′(τ)B′(τ)){B′(τ0)(δB(τ)−δB(τ0))+(B(τ0)−B(τ))δB′(τ0)}
+(B(τ)−B(τ0))B′(τ0)
{
δB′′′(τ)B′(τ)2−3δB′′(τ)B′(τ)B′′(τ)+δB′(τ) (3B′′(τ)2−B′′′(τ)B′(τ))}] .
Performing integration by parts and using j˜ρ(B(τ)) = jρ(τ)B
′(τ), this can be rewritten as
δBSj2ρSch =
∫
dB(τ)δB(τ)
∫
dB(τ0)j˜ρ(τ0)
[
− ∂B j˜
′′
ρ (τ)
(B(t)−B(τ0))2B′(t)2
+∂B j˜
′
ρ(τ)
{
6
(B(τ)−B(τ0))3B′(τ)+
3B′′(τ)
(B(τ)−B(τ0))2B′(τ)3
}
−∂B j˜ρ(τ)
{
18
(B(τ)−B(τ0))4
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+
6B′′(τ)
(B(τ)−B(τ0))3B′(τ)2+
3B′′(τ)2−B′′′(τ)B′(τ)
(B(τ)−B(τ0))2B′(τ)4−
3B′′(τ0)
2−2B′′′(τ0)B′(τ0)
(B(τ)−B(τ0))2B′(τ0)4
}
+j˜ρ(τ)
{
24
(B(τ)−B(τ0))5+
3B′′(τ)2−2B′′′(τ)B′(τ)
(B(τ)−B(τ0))3B′(τ)4 +
3B′′(τ0)
2−2B′′′(τ0)B′(τ0)
(B(τ0)−B(τ))3B′(τ0)4
}]
.
Adopting the prescription for the B(τ0)-integral (B.3), after a little manipulations, we
finally obtain that
δBSj2ρSch = 2πi
∫
dB(τ)δB(τ)
[
− 4∂B j˜ρ∂3B j˜ρ − 3
(
∂2B j˜ρ
)2 − j˜ρ∂4B j˜ρ
− ∂2B
(
j˜2ρ
{B(τ), τ}
B′2
)
+ 2j˜ρ∂
2
B j˜ρ
{B(τ), τ}
B′2
]
. (B.4)
Finally, using again the prescription (B.3), the variation of the matter action reads
δBSj2
f
= −
∫
dτδB(τ)j′f (τ)
∫
dτ0
jf (τ0)B
′(τ0)
(B(τ)−B(τ0))2 = −2πi
∫
dB(τ)δB(τ) (∂Bjf )
2 .
(B.5)
Virasoro constraints. The linear fluctuation part of the Liouville energy-momentum
tensor is found to be
T
(1)
±± ≡ −
N
12
[
2∂±ρ0∂±ρ1 − ∂2±ρ1
]
=
N
4
B′(x±)2
∫
∞
−∞
dB(τ0)
j˜ρ(B(τ0))
(B(x±)−B(τ0))4
z→0−−−→ 2πiN
24
B′2∂3B j˜ρ . (B.6)
The second-order fluctuation part is calculated as
T
(2)
±± ≡ −
N
12
(
(∂±ρ1)
2+2∂±ρ0∂±ρ2−∂2±ρ2
)
= −N
4
B′(x±)2
[∫ ∞
−∞
dB(τ0)j˜ρ(B(τ0))
(B(x±)−B(τ0))4
∫ ∞
−∞
dB(τ0)j˜ρ(B(τ0))
(B(x±)−B(τ0))2
+
(∫ ∞
−∞
dB(τ0)j˜ρ(B(τ0))
(B(x±)−B(τ0))3
)2]
z→0−−−→ −N
48
(2πi)2B′2
[
2∂3B j˜ρ∂B j˜ρ+3(∂
2
B j˜ρ)
2
]
. (B.7)
Finally, the matter energy-momentum tensor is found as
T f±± =
1
2
N∑
i=1
B′(x±)2
∫
∞
−∞
dB(τ0)j˜fi(B(τ0))
(B(x±)−B(τ0))2
∫
∞
−∞
dB(τ ′0)j˜fi(B(τ
′
0))
(B(x±)−B(τ ′0))2
z→0−−−→ (2πi)
2
2
B′2
N∑
i=1
(∂Bjfi)
2 . (B.8)
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